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Abstract. The Bowman-Bradley theorem asserts that the multiple zeta val- 
ues at the sequences obtained by inserting a fixed number of twos between 
3, 1, . . . , 3, 1 add up to a rational multiple of a power of tt. We establish its 
counterpart for multiple zeta-star values by showing an identity in a non- 
commutative polynomial algebra introduced by Hoffman. 



1. Introduction 

For fci,...,fc„ G Z>i with ki > 2, the multiple zeta value (MZV) and the 
multiple zeta-star value (MZSV) are defined by 

C(fci, . . . , fc„) = ^ —j^^ ^, c*(fci,...,fc„) = ^ —j^^ ^ 

mi>->m„>0 "^1 ■■■"^n mi > •••>,«„ >0 "^1 ' ' ' "^n 

respectively. When n = 1, the MZVs and MZSVs coincide and reduce to the values 
of the Riemann zeta function at positive integers. Euler |Eul68j found that the 
Riemann zeta values at even positive integers are rational multiples of powers of 



^^^''> - 2{2k)\ ' 

where the rational numbers B2k are the Bernoulli numbers given by 

> Bm T — —t T- 

^ — ' m! &■ — 1 

m=0 

This result has been generalized to MZVs (Hoffman ' Hof92| . Ohno-Zagier |OZ01) . 
Yamas aki|Sm 09], etc.) and MZSVs (Hoffman [Hof92', Aoki-Kombu-Ohno |AKO08j . 
Zlobin [ZloOSj . Muneta [MunOSj . etc.): for k,n G Z>i, we have 

C({2A;}"),C*({2fc}") e Qtt^'^". 
Here and throughout, we write 

{ fci , . . . , fc; } = /ci , . . . , fc; , fci , . . . , /C; , . . . , fci , . . . , fc; . 

^ V ' 

Im 

It has also been shown that 



c({3,in,c({3,ineQ^ 



4n 
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for n e Z>i, by Borwein-Bradley-Broadhurst-Lisonek }BBBL98] and Kontsevich- 
Zagier |KZ01j for MZVs and by Zlobin jZloOSj and Muneta [MunOSj for MZSVs. 
Furthermore, Bowman-Bradley jBB02] obtained 

C({2}™'\ 3, {2}™S 1, {2}'"=, . . . , 3, {2}'"="-i, 1, {2}™^") G Q7r2™+4" 

E2ti 

mo,..., 7712,1 >0 

for TO G Z>o and n G Z>i. However, its counterpart for MZSVs has been proved 
only partially: the to = 1 case by Muneta |Mun08j and to = 2 by Imatomi-Tanaka- 
Tasaka-Wakabayashi |ITT W09] . In the present paper, we establish the complete 
counterpart by showing that 

^ C*({2}'"",3,{2}™\1,{2}'"=,...,3,{2}"=^'-\1,{2}™^") G Q7r2"+4" 

mo,...,m2Ti>0 

for all to G Z>o and n G Z>i. Note that this is valid when to G Z>i and n = 
because ^^({2}™) G Qtt^™ as mentioned above, and also clearly valid when to — 
n = because of the convention that the value of C* at the empty sequence is 1. 
Therefore our main theorem reads as follows: 

Theorem 1.1 (Main Theorem). For all m,n E Z>o, we have 

C({2}™",3, {2}"S 1, {2}™% . . . ,3, {2}™^"-!, 1, {2}™^") G QTr^"'+^". 

mi=m 
mo , . . .,m2Ti >0 



2. Reduction to an algebraic identity 

2.1. Hoffman's algebraic setup. We first reduce our main theorem to an identity 
in the algebra introduced by Hoffman |Hof97j . Our definitions of operations are 
superficially different from those given by Hoffman, as we intend to define similar 
operations on another algebra later in a unified manner that is convenient to prove 
the key algebraic identity. It will be seen that our definitions are essentially the 
same as Hoffman's. 

Let 9) = Q(a;, y) be the non-commutative polynomial algebra over the rational 
numbers in two indeterminates x and y, and denote the subalgebras Q -I- S^y and 
Q + xS)y of 9) by S)^ and io", respectively. Write Za = x°'~^y G S)^ for a G Z>i. 

Definition 2.1. An index is a finite sequence of positive integers; the empty se- 
quence is also regarded as an index. An index is admissible if either it is empty 
or its first component is greater than 1. The sets of all indices and all admissible 
indices are denoted by / and /q, respectively. 

For a — (ai, . . . , a„) G /, put Za ~ Za-^ ■ • ■ Za^ G Sj^, where Z0 ~ 1. Then it is 
easy to observe that {za \ a E 1} and {za \ a E Iq} arc Q- vector space bases for 
and io", respectively. 

Definition 2.2. We define Q-linear maps Z, Z: — > R by setting Z{za) = ({a) 
and Z{za) ^ C(a) for a E h, where C(0) = C(0) = 1. 

For n E Z>o, set [n] — {1, . . . ,ri}, where [0] = 0. Recall that for every I E Z>o, 
there exists a unique map from [0] to [Z], denoted by 0, and it is strictly increasing 
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and has image [0]. If n G Z>i, then there is no map from [n] to [0]. A map 
a : [n] — > [I] is denoted by 

■ 1 ••• n 

2.1.1. The transformation d. It is known that if we define a Q-Unear transforma- 
tion d on Sj^ by setting d{l) = 1 and d{wy) = ip(w)y for w G i3, where ip is an 
automorphism on Sj satisfying (p{l) = 1, f{x) = x and f{y) = x + y, then we have 
Z = Z o a on S)°. Here we give an ahernative equivalent definition of d: 

Definition 2.3. For n E Z>o, we write for the set of aU pairs {I, a) of / G 
Z>o and a : [n] — >■ [Z] that is nondecreasing and surjective. We define a Q-Hnear 
transformation d on by setting 

(i,o-)GSf, 

for a = (oi, . . . , a„) G /, where c = (ci, . . . , c;) G / is given by 
for i G [Z]. 

Remark 2.4. In Definition 12. 3[ we suppressed the explicit dependence of c on a, 
(7 in the notation for simplicity. We will occasionally employ a similar abuse of 
notation in what follows when there is no ambiguity. 

Example 2.5. For n = 0, we have = {(0, 0)} and so c?(l) = 1. 
For 71 = 1, we have 

and so 

for oi G Z>i. 

For 71 = 2, we have 

and so 

for oi, 02 G Z>i. 
For n = 3, we have 




rf(2ai) 





for ai, a2, 03 G Z>i. 

Remark 2.6. If (/,cr) G 5',^, then / < n. 
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Proposition 2.7. The transformation d defined in Definition \2.3\ is the same as 
the one defined immediately before Definition \2.3[ It follows that Z ~ Z o d on Sj'^ . 

Proof. It suffices to prove that 

(W d{za, ■ ■ ■ ZaJ = x-'-\x + y) ■ ■ ■ x'^-'-\x + y)x'^--^y 

if n > 2 and ai, . . . , a„ G Z>i. For eacli (/, a) G S^, setting Ci = X]secr-i(i) for 
i & [I], we liave 

• • • = a;°i"^Mi • • • x°"-i"^it„_ix''"~ V, 

wfiere = a; if a{s) = a{s + 1) and Us = y if a{s) + 1 = a{s + 1) for s G [n — 1]. 
This gives a one-to-one correspondence between the elements of and the terms 
that appear in the expansion of the right-hand side of (I]). □ 

2.1.2. The binary operations * and m. Hoffman |Hof92) defined a Q-bilinear map 
* : Sj^ X S)^ Sj^ , called the harmonic product, by setting w*l — l*w — w and 
ZaW * Zbw' = Zaiw * Zbw') + Zb{zaW * w') + Za+b{w * w') for w,w' G Sj^ , whcrcas 
Muneta }Mun09j defined a Q-bilinear map m: Pj^ x Pj^ Sj^ by setting w ml = 
Imw = w and ZaW m zi,w' = Za{w m z^w') + zi,{zaW m w') for w, w' & S)^ . Here we 
give alternative equivalent definitions of * and m: 

Definition 2.8. Let to, n e Z>o. We write 5*„ „ for the set of all triples {I, ct, r) of 
I E Z>o, a: [m] [I] and r: [n] ^ [I] such that a and r are strictly increasing and 
satisfy Imcr U Imr = [/]. We also write 5™ „ for the set of those {I, a, t) £ „ for 
which Im a D Im r = 0. 

Define Q-bilinear maps Sj^ x Sj^ ^io^ by setting 

Za* Zb^ ^ Zc, Zam-Zb= ^ Zc 

for a = (ai, . . . ,am),b = ...,&„)€/, where c = (ci, . . . , q) € / is given by 



sea-^{i) ten — 

for i e [I]. 

Example 2.9. For to G Z>o and n = 0, we have q = S'™ q = id[„j], 0)} and 
so 

Za * I ^ Zaml = Za 

for all a £ L 

For TO = n = 1, we have 




and so 

Zai * ^fei — -S-ai+bi ~t- Zfo-^ -|- Zb^Z^^^ Zai UI 2^^^ — ZaiZ}}-^ -\- Zb^Z^^ 

for ai, 61 G Z>i. 
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For m — 2 and n = 1, we have 

_ 

'-'2.1 - 




cm 

'-'24 - 

and so 

for oi, 02, 61 G Z>i. 

Remark 2.10. If (Z,(J, r) e „, then max{m, n} < Z < m + n; if {l,a,T) e 5*™ „, 
then I = m + n. 

Proposition 2.11. The map * defined above is the same as the one defined by 
Hoffman [Hof92| . It follows that * is an associative and commutative product with 
respect to which Z is homomorphic, i.e., Z{w*w') — Z{w)Z{w') for all w, w' £ Sj''K 

Proof. It suffices to prove that 

ZaZa' * ZbZb' = Za{Za' * ZbZf,') + Zb{ZaZc,' * Zfa' ) + Za+b{Za' * Zy) 

for a,b £ Z>i and a' , b' G /. Consider the maps 

S*n+l,n+l'' {h<^,r) 1^ {1 + l,a-,T+ 1), 

S*n+l,n 'S'*„+l,„+i;(^,Cr,T) ^ {I + 1,(T+ l,f), 

Sm,n S*i+l,n+l'^ {1,<^,t) ^ {I + l,a,f), 

where a, a + 1, f, t + 1 are given by 

'1 2 ••• m + 1 \ ( 1 ••• m + 1 

I (t{1) + 1 ••• (7(m) + lj' l^a(l) + l ••• (7(m + l) + l^ 

'1 2 ••• n + l\ 1 •■■ " + 1 

^1 r(l) + l ••• T(n) + lj' ^+ V^(l) + 1 •■■ T(n + 1) + 1^ 

They are injective and their images are disjoint sets with union •S'j^^jn+i- This 
completes the proof. □ 

Proposition 2.12. The map m defined above is the same as the one defined by 
Muneta |Mun09) . It follows that m is an associative and commutative product. 

Proof. It suffices to prove that 

ZaZa^ m ZbZb' = Za{Za' m ZbZb') + Zb{z in Zb') 

for a, G Z>i and a' , b' G /. Consider the maps 

Sm,n+1 S^+l,n+ly {I , CT , t) ^ {I + 1 , a , T + 1), 
^m+l,n ^ ^m+l,n+i; (J, t) ^ {I + 1 , a + 1, f ), 

where a, a + I, f, t + 1 are given in the preceding proof. They are injective and 
their images are disjoint sets with union S^_^_i^j^^-i. This completes the proof. □ 
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The product in allows us to write our main theorem (Theorem ll.ip in the fol- 
lowing simple form: 

Theorem 2.13 (Main Theorem). For all m,n E Z>o, we have 

Z(Z2 UI (ZaZi) ) Eil-K ^ . 

2.2. Reduction of our main theorem to an identity in Sy^ . The aim of this 
subsection is to reduce our main theorem to the following identity in .$3^: 

Theorem 2.14. For all a, 6, c G Z>i and m,n E Z>o, we have 

(-2)P(i(z^ m (ZaZbY) * (Z(a+&)«i+c ■ ■ • Z(^a+b)Up+c S Z(^a+b)vi+2c ' ' ' 2(a+fc)i;,+2c) 



i+p+2q—m 

j+Ui-\ \-Up 

+wiH hvq=n 



j+k—n 



Assuming Theorem 12 . 141 hereafter within this subsection, we will give a proof of 
our main theorem. 

Definition 2.15. A partition of a set X is a family of pairwise disjoint nonempty 
subsets of X with union X. For n £ Z>i, the collection of all partitions of [n] is 
denoted by n„. 

Example 2.16. For n = 3, we have 

Ha = {{{1},{2},{3}},{{1,2},{3}},{{1,3},{2}},{{2,3},{1}}, {{1,2,3}}}. 
Lemma 2.17. For all ai, . . . , a„ G Z>i, we have 

Za,*---*Za„^ TTT ^E...a.- 

ven„ Aev 

Proof. Easy Also see |Hof92) . □ 
Example 2.18. For n = 3, we have 

Zai * * — -^-ai m ^ ~t~ ^ai+a2 ^ ^a3 "t" ^I^j^^^j^ niZQ2 "t" ^^2+03 m ^ai -^-a 1+02 +03 • 

Lemma 2.19. //ai, . . . , a„ G Z>i are aZZ even, then 

Proof. We proceed by induction on n. For rt = 1, the assertion is obvious because 

Suppose that the lemma holds for 1, . . . , n — 1. Applying Z to Lemma [2 . 1 71 gives 
C(ai)---C(an) = ^( E frf^E...^. ) 

= Z{Za,m---mZaJ+ Y ^ ( III ^E.gA a. ) • 

■Pen„\{{{i},. ..,{«}}} \ Aev / 
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li V £ n„ \ {{{1}, ■ ■ • , {f^}}}, then V has cardinahty at most n — 1, and so the 
inductive hypothesis shows that 



Z 

It foUows that 



Ziza.m- ■ -mzaj = C(ai) • • • CK)- ^ Z JJJ zj^^^^ G Qtt^^- 

7'en„\{{{i}. ...,{»}}} Vasp / 



□ 



Lemma 2.20. For all p, q,k,l ^ Z>o, we have 



Z (z4„i+2 • • • ^4iip+2 m 2:4^^+4 • • • 24^^+4) e Qtt 



2p+iq+ik+il 



tilH h^ip — 

■UlH hv„=l 



Proof. We first observe that 



^ Z4„i+2 m • • • m Z4„p+2 = ^ 24«„(i)+2 • ■ ■ 24n„(p)+2 



\-Up—k uiH ^Up — k 

ae&p 



CTSSp M„(i)H hMCT(p)=fe 

24„^+2 • • • 2:4„p+2 

ctG©p UlH hiip— 

P! ^ 24„i+2 ■ • • 24„p+2- 
tilH \-Up — k 



This and a similar equation give 



y^ Ziui+2 • • • 24„p4.2 ni Z4i,j4.4 • • • Z/^^^^i 

«iH hMp = fc 

UlH hf5=i 

( y^ 24M1+2 • • • ^4np+2 I III I ^ ZAvi+i- ■ ■ Ziv^+i\ 
MiH h«p='£ / VfiH \-Vci=l / 

^ —A ^ 24„^+2 m • • • m 24«p+2 I ™ ~[ ( X! ^4,;i+4 S • • • S Z4i.,+4 
^ VniH hitp = fe / VuiH \-Vq=l / 

= -PT Z4U1+2 S • • • m 24„ I 2 m 241,^+4 m • • • ui Z4^, I 4. 

p\q\ 

lilH h^ip— fti 

UlH ht),=i 

Hence the result follows from Lemma 12.191 □ 
Lemma 2.21. For all m,n Cz Z>o, we have 



J2 Z{z^^m{z:,z,y)Z{zl) 



£ Qtt 



2m+4n 
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Proof. It suffices to show that 
for ah j, k £ Z>o. Observe that 

Z{z!pmiz3Z^y) = J2 C({2r",3,{2rSl,...,3,{2n-M,{2nOeQ^''"+^^' 

mo,...,m2j >0 

by Bowman-Bradley [BB02] and that 

Z(z^) = C*({4}'=) e Qtt^'^ 
by Muneta [MunOSj . These observations complete the proof. □ 

Now we give a proof of our main theorem (Theorem I2.13P , assuming Theo- 
rem [2J41 

Proof of Theorem \2.13[ We proceed by induction on m -I- n and note that the the- 
orem is obvious if m + n — 0, in which case the only possibility is to = n = 0. 
Apply Z to Theorem 12 . 141 and substitute (a, b, c) = (3, 1, 2) to get 

^ (-2)PZ(z^ m {z3Ziy)Z{z4ui+2 ■ ■ ■ ZAup+2 S z^^^+i ■ ■ ■ z^y^+i) 

i+p+2q—im 

j+ui-\ hUp 

+vi-\ hu,=n 

= (-ir E Z{z^^m{z,z,y)-Z{zt), 

j-\-k — 7l 

whose right-hand side belongs to Qtt^^^^^^^ by Lemma [2.211 The left-hand side is 

m n 

^^Z{^2^i^3Ziy) E (-2)^ E Z(z4u,+2---Z4up+2SlZ4y^+4---Z4y^+4) 

i—0 j—0 p+2q—m~i lii-j \-Up—k 

k+l=n-j vi-i \-Vg=l 

e Z(z™ 2i (z3Zi)") + (Q7r2"+4" 

by the inductive hypothesis and Lemma [2. 201 because if p + 2q = m — i and k + 1 = 
n-j, then {2i + Aj) + (2p + 4:q + 4:k + 41) = 2m + An. This completes the proof. □ 

2.3. Reduction to an identity in a larger algebra. In order to prove Theo- 
rem l2.14l we find it convenient to consider an algebra larger than S)^. Let Ai denote 
the sub-semigroup Z>q \ {(0, 0, 0)} of Z^, and A the non-commutative polynomial 
algebra Q{xa \ a & M). 

Write X for the set of all finite sequences of elements of M , including the empty 
sequence 0. For ot = {ai, . . . , ai) £ X, put Xa — ■ ■ ■ Xa„ G A, where zq — 1; 
then {xa I a G 1} is a Q- vector space basis for A. 

We may define a Q-linear transformation d on ^ and Q-bilinear maps *, iii : Ax 
A ^ A analogously as we did on S)^. Then for any a, 6,c e Z>i, the algebra 
honiomorphism A ^ defined by Xa i— >■ Zap+bq+cr for a = {p, q,r) G Ai commutes 
with d, * and S. Therefore, in order to prove Theorem l2.14l it suffices to show the 
following identity in A: 
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Theorem 2.22. For all m,n£ Z>o, we have 

i-\-p+2q—va 

j+MiH hUp 

+i'lH h'u<j=n 

^ (-1)™ « 2l (Xe.Xe.y) * 

w/iere ei = (1,0,0), ea = (0,1,0), 63 = (0,0,1). 

2.4. Reduction to an identity in an algebra of formal power series. 

Definition 2.23. For a = [ai, . . . ,ai) e X, its weight wia. and depth dp a are 
defined by wta = ai + • • • + a; G and dpct = Z e Z>o, where the empty 
sequence is understood to have weight ~ (0,0,0) and depth 0. For a e Z5,q, 
the set of all a G X of weight a is denoted by X^t=a , and the Q- vector subspace of 
A generated by {xa \ ol e Iwt=Q} is denoted by .4wt=Q. 

Proposition 2.24. // w G -4wt=Q and w' e Ayjt=a' , then d{w) G Awt=a and 
w *w',wmw' e .4wt=Q+Q' • 

Proof. We only prove that d{w) G y^wt=Q; the other assertions can be shown in a 
similar manner. We may assume that w — Xa, where wta = a. Put k = dpa 
and write a = {ai, . . . ,ak)- Let {I, a) G and define ^ = (/3i, . . . , /?/) by /?* = 
Sseo-i(t) Then we have 

/ / fc 

wtP — /3t — as = = wt a = a. 

t=l t=lsgo-i(t) s=l 

It follows that x/3 G „4wt=a, which completes the proof. □ 

The proposition above implies that both sides in Theorem 12.221 have weight 
(71, n, to). Therefore it suffices to show that 

i-'^fd{xl^ m (xe.Xe^y) * ix^ur.,m,i) ' ' ' X(u^.u^.i) m X(„^,„^_2) ' ' ' a:^K,«,,2)) 

m.n i+p+2q=m 
j+ui-i hMp 

+'UlH \-Vq=n 

= E(-ir E «S(Xe,XejO*d(4i,i,o)) 
m,Ti j+k=n 

in the algebra Q(( G TM)) of formal power series. Observe that d, * and in 

are well defined in Q{{xa | a G A^)). It follows that the following theorem implies 
our main theorem: 

Theorem 2.25. We have 

Y (-2)^C?(a;^3 m (Xe.Xe^y) * {x^u^,u^^) ■ ■ ■ 2^K,«p,l) S X(„^,„^,2) • • • a^K,i,„2)) 

i,j,p,q,ui,...,Up,vi....,Vq 

= Y (-!)"« (Xe.XeJ^) * d(4i,i,o)) 

m I a G M)). 
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3. Proof of Theorem 12.251 



This section will be devoted to the proof of Theorem 12.251 by expanding both 
sides. 

3.1. Basic properties of the operations. 

Definition 3.1. We say that a = (ai,...,a;) G X is good if, writing as — 

(og, &s, Cg) for s e [I], we have X]s=i('^s ~ ^s) ^ i*^' ^' ^ W ^'^'^ Si=i('^s ~ 

6s) — 0. The set of all good a e I is denoted by X'^, and write yl*^ = {^^gjG 'Za^^o; | 
<la G Q}, which is a Q-vector subspace of Q{{xa \ ct e A4)). 

We say that a e is great if, writing a = (a, 6, c), we have |a — 6| < 1- The set 
of all great a G is denoted by A^'^. 

Lemma 3.2. If a = (ai, . . . ,a/) €T is good, then as is great for all s € [I]. 

Proof. Obvious. □ 

Proposition 3.3. Ifw,w' £A^, then d{'w),w * w' ,w mw' & . 

Proof. We only prove that d{'w) G A'''; the other assertions can be shown in a 
similar manner. We may assume that w = x^, where a £ T^. Put fc = dpa and 
write a = {ai, . . . , ak) and as = (as, bs, Cs) for s £ [k]. Let {I, a) £ Sf and define 
/3 = . . . by /3t = Y.sea-^(t) ^^^^ ^"^e Pt = {atMih) for t £ [I], then 

t' t' max(T^^(t') 

Y.^at-ht)=Y, J2 ias~bs)= (as -bs)£ {0,1} 

t=i t=ise(T-i(t) s=i 

for all t' £ [I] because a is good. It follows that X/s £ A'^, which completes the 
proof. □ 

Corollary 3.4. Both sides in Theorem \2.25\ belong to A'~^ . 



Proof. The corollary follows from Proposition 13.31 and the observation that , 

{xe.Xe^y, x^^ ^ xi^ui.uui) ' ■■X(up.up.i) and a;(i,j^„j,2) ' ' ' a;(i,,.«,.2) aU belong to A'^. 

□ 

Definition 3.5. For M' C Ai, write Im' for the set of all o; e I whose components 
arc all in A4' , and put I^, = Im' HX*^. 

Lemma 3.6. Let M',M" C M and suppose that M" C {{a,a,b) \ a,b £ Z>o}. 
Given Ap,Bj £ Q for each j3 £ M' and 7 £ M" , write 

dp /3 dp'y 

s=l t=l 

for f3 = {I3i, . . . , (3dpf3) £ ^M' and j = {-ji, . . . ,^dpy) ^ ^M" ■ Then we have 
J2 ApB.y{xp*x^)^ Y (n 51 A^bAxo,, 

76A^"U{0} 

where we define = B^ = 1. 
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Proof. Since Im" C I*^ by assumption, the left-hand side belongs to A'^ because of 
Proposition 13. 31 Therefore it suffices to show that for each a — {ai, . . . ,ai) € X^, 
the coefhcient of in the left-hand side is equal to 

s=i peM'll{Q} /3i,...,fte7H'u{0} 
76A1"U{0} 7i,...,7,e7H"u{0} 

In the left-hand side, each {f3,^,a,T) with /3 — {(3i , . . . , f3dp p) & ^m'^ 7 = 
(71, • • ■ ,7dp7) e Im", (dpa,cr,T) e S'dp/3,dp7 satisfying as = Ete<T-i(s) A + 
X]«Gr-i(s)7" foi' ^ ['] yields the coefficient ApB^. For each such {(3,'^,a,T), 
define /3s G Al' U {0} for s e [;] by 



/3s = 



/?( if s G Imcr and cr(t) = s; 
if s ^ Imcr. 



Define 7s G U {0} for s G [I] in a similar manner. Then we have /3s + 7s = c^s 
for all ,s G [I], and 

ApB^ = A^^ ■ ■ ■ Ap^ • • • ^71 ■ 

Conversely, let /3i, . . . , ^; G A^' U {0} and 71, . . . , 7; G M" U {0} be given so 
that /3s + 7s = Ois for all s G [^]. Let /3 be the sequence . . . ,/3i) with all zero 
components removed, and define a: [dp/3] — > [I] by setting a(t) = s if the i-th 
component of j3 was originally /3s. Note that the goodness of a implies that of /3 
thanks to the assumption on A4" . Defining 7 and r in a similar fashion, we may 
see that this gives the desired one-to-one correspondence. □ 

3.2. Expansion of the right-hand side. 

Definition 3.7. For a finite subset A of Z, denote by Aodd and ^cvcn the sets of 
all odd and even elements of A respectively, and by \A\ the cardinality of A. 

Definition 3.8. For a G Z>o, set Ma = {{b, b,a)\be Z>o} \ {(0, 0, 0)}. 

Lemma 3.9. We have 



E<4ia,o))- E 



X. 



1- 



Proof. Since 



E<4m,o)) = E E 



where 7 = (71, . . . , 7/) G I is given by 

-f,^{\a-\t)\,\a-\t)\,0) eMo, 

we only need to show that the map {k,l,a) !—> 7 is a bijection onto Xmo- Let 
7 G Imo be given. Set / = dp7 and write 7 = (71, . . . ,7;). Put k = (wt7) • ei, 
and define a: [k] ^ [I] by 

cr(s) = min{i G | s < (71 H h 7^) • ei}. 

It is easily seen that this gives the inverse, which completes the proof. □ 
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Lemma 3.10. We have 
Proof. Since 

j-.m j,rn (j ^ ^-^^gm^^^^ 

where /3 = (/3i, ■ ■ ■ G X is given by 

{63 if i G Im (t; 
ei if i e T([2j]odd); 
62 if i G T([2j]evcn), 

we only need to show that the map (j, m, /, cr, r) i— )■ /3 is a bijection onto 
because the coefficients are seen to agree by the observation that 

(-1)™ = (-1)I{*SWI^'='=3}| _ ^_2-j(wt/3)-e3^ 

Let (3 G be given. Set ^ = dp/3 and write /3 = (/3i, • • • ,/?/)■ Put j = 

(wt^) • ei and m = (wt (3) ■ 63, and define a: [to] — >■ [Z] and r: [2j] — > [Z] by 

ct(s) = s-th smallest element in {i G [Z] | /3i = 63}, 
T(i) = t-th smallest element in {i G [Z] | /3i = ei, 62}. 

It is easily seen that this gives the inverse, which completes the proof. □ 
Definition 3.11. Define 

A/" = {(a, a, 0) I a G Z>i} U {(a + 1, a, 0) | a G Z>o} 

U {(a, a + 1, 0) I a G Z>o} U {(a, a, 1) | a G Z>o} 

Lemma 3.12. We have 

Proof. Lemmas 13.91 and 13.101 show that 



= f E i-^y-^'^'^'^p] * f E 
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Applying Lemma \3M with M' = {61,62,63}, M" = Mo, Ap = (-l)^ '^^ and 



= 1 gives 



E HE (-1) 

= {ai,...,a,)eT'^ \s=l /3G{ei,e2,e3,0} 
7G>1oU{0} 



For a = (a, 6, c) e A^*^, we have 



[1 if c = 0; 

{^l)!^-"^ = } -I ifa = 6andc=l; 

/3e{ei,e2,e3,o} Q Otherwise 

7eMoU{o} ^ 

_f(-l)"-^3 ifaeA/"; 
~ I if a ^ A/". 



It follows that 



E £ (Xe.XejO * '^(^(1.1,0)) = E (-1)'"*' 



□ 



3.3. Expansion of the left-hand side. 
Definition 3.13. For 7 = (71, ... ,7;) G ImiuM2^ define 

char7 = \{s e [I] | 7^ • 63 = 1}|. 

Lemma 3.14. We have 

E (-2)^(2;(«i,ni,i)---a^(«p,np,i)2ia;(.„i,^i,2)---a;(^„„,,2)) = E ("2)='''''"^a 

p,q,ut,...,Up,vi,...,Vq -1£Im-^uM2 

Proof. We have 



p,q,Ui,...,Up,Vi,...,Vq 



\p,ui,...,Up / \q,vi,...,Vq 

( E (-2)'^p^^x^,) £ ( E ■-^.) 

E E (-2)'^P^^(^7.S^72) 
E (-2)^'^^'^^x^, 



«i,2) ■ ■ • a^(t)g,t>,,2) 
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where the last equality follows from the observation that if = (71,1, . . . , 7i,dp-Yj^) G 
I1 = (72a, • • ■ ,72,dp7j £ '^Mi and (l.ai.a^) € S'dp-y^.dp-Y^ > and if we define 
7 = (71: • ■ • ,7/) e 2:a^iuM2 by 

71. t ■ 63 = 1 if s G ImcTi and s = (Ti(t); 

72, t ■ 63 = 2 if s e Imcr2 and s = (72 (i), 



then 



Is ■ 63 



and so 



char7 = |{s G ^\ | 7s • 63 = 1}| = |Imcri| = dp7i. 



□ 



Definition 3.15. For a — {a,b,c) G Ai, write 

fa + b + c\ {a + b + c)l 

For a = (ai, . . . ,a/) G I, write (a) = n'=i("^j) ^ ^>i' where (0) = 1. 
Lemma 3.16. We have 

Proof. Since 

Si (xeiXeJ^) = X a;„ 
by a reasoning similar to the one used in the proof of Lemma 13.101 we have 

Yd{xl^m{Xe,Xe^Y) = d{Xa,)= ^ ^ Xp, 

where /3 = (/3i, . . . , /?;) G is given by 

t6(T-i(s) 

if we write a. = (ai, . . . , adpa)- It suffices to prove that for each /3 G X*^, there are 
{IS) triples (a,Z,cr) that yield /3. 

Let /3 G X*^ be given. Set ^ = dp/3 and write /3 = ...,/?/) and /^^ = (a^, 6s, Cs) 
for s G [Z]. The depth of a. is uniquely determined because 

dpa = wta • (1, 1, 1) = wt/3 • (1, 1, 1). 

The map a is also uniquely determined because for every s G [Z] , we have 

Y at • (1, 1, 1) = /3s -(1,1,1) = as +fos + Cs. 
teo— i(s) 

Therefore choosing an appropriate a. is equivalent to choosing, for each s G [Z], 
from Os + 6s + Cs components Cs components to be occupied by 63, because then 
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the goodness of a determines how to allocate the remaining as + bs components to 
ei and 62- It follows that the number of suitable a is 

s—1 ^ 

□ 

Lemma 3.17. We have 

i,j,p,q,ui,...,Up,vi,...,Vq 

Proof. Lemmas 13.141 and 13.161 show that 

i,j,p,q,ui....,Up,vi,...,Vq 



= (^d{xl.^ m {Xe.Xe^y)^ 



\p,q,Ui,...,Up,Vi,...,Vg 



E (-2)^(a;(„i,„i,i) • • • a;(„p,„p,i) ni a:(„^_„^_2) • • • 2:(„,,t,,,2)) 



= E E (/3)(-2r'^'-^(^/3*^T)- 

Applying Lemma EJl with M' = A^, M" ^ Mi(J M2, Ap = (/3) and B-^ 

(_2)X{l}(7-e3) gives 

E E (/3>(-2r^"^(x^*x^) 

/ I \ 



= E HE 

a=(ai,...,ai)eXG \s=l ,3eA^u{0} 

'yeMiUM2U{0} 

where X{i} denotes the characteristic function of {!}. 
For a — (a, b, c) G A^*^, put 



X{l}(7-e3) 



X(x ; 



X{l}(7-e3) 



7eA1iUAl2U{0} 



for simplicity. If c = 0, then 

n.. = in) = ("^ ^ 



c„ = («)= r + ^ =1. 
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If c = 1 , then 

a + b+l\ yr-^ / a + — 2k 



fc=0 ^ ^ fc=0 



{a + b+1) - 2(min{a, b} + 1) 



if|a-5| = l; 
-1 if a = 6. 



If c > 2, then, writing s = a + b + c, we have 

min{a,??} min{a,6} 
min{a,6} , . min{a.b} 



/ s - 2fc - 1\ /s - 2fc - 2 

^ V A - 2fc\ /s - 2fc - 2\ \ Vs - 2fc - 1\ Vs - 2fc - 2 



because s — 2 min{a, b} — 2 < c; therefore Cq = because 

s - 2k\ fs - 2fc - 2\ fs-2k- l\ (s - 2fc - 2 

- 2 



c I \ c y \ c— ly \ c — 2 

's - 2fc - 1\ /s - 2A: - 1\ \ ( (s-2k-\\ /s - 2fc - 2 



c y \ c — 1 J I \\ c J \ c — 1 

/s - 2fc - 1\ ( {s-2k- l\ fs -2k -2 

= 0. 

In summary, we have 

" [0 ifa^AA. 

It follows that 

i,j,p,q,ui,...,Up,vi,...,Vq 



□ 



Lemmas 13.121 and 13.171 imply Theorem 12.251 thereby establishing our main the- 
orem. 
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